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Abstract
During the inflationary epoch, geometry of the universe may be
described by quasi-de Sitter space. On the other hand, maximally ex-
tended de Sitter metric in the comoving coordinates accords with a
special FLRW model with positive spatial curvature, so in this arti-
cle we focus on the positively curved inflationary paradigm. For this
purpose, first, we derive the power spectra of comoving curvature per-
turbation and primordial gravitational waves in a positively curved
FLRW universe according to the slowly rolling inflationary scenario.
It can be shown that the curvature spectral index in this model auto-
matically has a small negative running parameter which is compatible
with observational measurements. Then, by taking into account the
curvature factor, we investigate the relative amplitude of the scalar and
tensor perturbations. It would be clarified that the tensor-scalar ratio
for this model against the spatially flat one, depends on the wavelength
of the perturbative modes directly.
1 Introduction
Inflationary cosmology which was proposed in the early 1980’s, extends the
standard Big-Bang model by postulating an early epoch of nearly expo-
nential expansion in order to resolve a number of puzzles of the Big-Bang
cosmology such as flatness, horizon and monopole problems [1, 2, 3]. In-
flation also explains the origin of the CMB anisotropies and large scale
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structure of the cosmos, indeed quantum vacuum fluctuations of the in-
flation field(s) magnified to the cosmic sized classical perturbations after
the horizon exit time and became the seeds for the growth of the struc-
ture and CMB anisotropies in the universe[4, 5, 6, 7]. Before the advent of
inflation the initial perturbations were postulated and their spectrum was
supposed to be scalar-invariant in order to fit observational data[8, 9, 10].
On the other hand, inflationary theory not only truly explains the origin
of the primordial inhomogeneities but also predicts their spectrum. The
spectrum of these inhomogeneities, as well as the spectrum of cosmological
gravitational waves produced during the inflation, are about the only ob-
servational test of the inflationary theories. Cosmological observations are
consistent with the simplest model of inflation within the slow-roll paradigm
[11, 12]. According to this scenario, the curvature power spectrum is nearly
flat[13, 14, 15, 16, 17, 18, 19]i.e.
Roq ∝ q−
3
2
−2ǫ−δ, (1)
whereRq is the Fourier component of comoving curvature perturbation with
comoving wave number q (the superscript ”o” is standing for ”outside the
Hubble horizon”). Furthermore, ǫ and δ are respectively first and second
slow-roll parameters. According to the observational data ǫ ≤ 0.008 and
δ ≤ 0.018 [11]. R characterizes the adiabatic scalar perturbations which for
super-Hubble scales has a constant value [20, 21]. On the other hand, all
inflationary models predict the existence of cosmological gravitational waves
which produce a B-mode polarization pattern in the CMB anisotropies. Re-
cently this mode has been detected by the BICEP2 collaboration [22]. In
the slow-roll approximation we have [13]
Doq ∝ q−
3
2
−ǫ, (2)
where Dq is the amplitude of inflationary gravitational waves. The relative
amplitude which is characterized by the tensor-scalar ratio r = 4|D
o
q
Roq |
2 is a
probe of the energy scale in the inflationary epoch. It can be shown that
in slow-roll approximation with a single scalar field r = 16ǫ [13]. The BI-
CEP2 collaboration has reported r ≃ 0.2 which is greater than the upper
limit r < 0.11 obtained by the Planck collaboration [11]. In addition to this
inconsistency, there are another discrepancy which refers to the running pa-
rameter of the curvature spectral index. In the slow-roll single field inflation
the running parameter is of the second order in terms of slow-roll param-
eters, but the Planck data prefer Nr =
∂Ns
∂lnq
≃ −0.015 [11] which is of the
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first order slow-roll parameters and so has no any justification in slow-rolling
inflationary model. In other words, the running parameter has magnitude
significantly greater then the slow-roll paradigm prediction in spatially flat
inflationary universe. On the other hand, there are some anomalies in the
CMB power spectrum such as suppression of the lowest CMB multiples [23]
and lack of temperature correlations on scales beyond 70◦ [24] which may be
evidences for discrete spectrum and non-trivial spherical topologies [25, 23].
In other words, some positive curvature models with non-trivial topology
can solve the problem of the CMB quadrupole and octopole suppression
and also mystery of missing fluctuations which apear in the concordance
model [26, 27]. Furthermore, as we know the inflationary universe back-
ground is described by quasi-de Sitter space. However, maximally extended
de Sitter space which is known as the Lorentzian de Sitter space is included
in the FLRW models with K = +1 and so has the positive spatial curva-
ture [28]. Lorentzian de Sitter is geodesically complete too. Besides, the
last observational data does not roll out ΩK < 0 case as well [29]. It is
noticeable that if the spatial curvature of the universe is positive then, the
curvature dominates at early times in inflationary era[25, 30] , so the cur-
vature may be significant in primordial spectra of perturbations and cannot
be ignored. Dynamics of the inflationary universe with positive spatial cur-
vature has been studied by Ellis and his collaborators[30, 31]. They showed
that whatever the number of e-foldings increases, the curvature parameter
decreases and the universe would be closer to flat today[30]. On the other
hand, Vilenkin discussed a cosmological model in which the inflationary
universe is created by a quantum tunneling from nothing [32, 33, 34]. This
model doesnt have Big-Bang singularity and predicts that the inflationary
universe is positively curved. Although Linde has claimed that it is very
difficult to obtain a realistic model of a closed inflationary universe[35], Ellis
and Maartens has constructed a single field inflationary model in the closed
universe which is known as the eternal emergent universe scenario[36, 37].
This model is a nonsingular closed inflationary cosmology that begins from
a meta-stable Einstein static state. Another closed inflationary model with
positive curvature index has been introduced by Lasenby and Doran[38].
In this article we investigate the slow-rolling inflationary scenario in a spa-
tially closed background with trivial topology namely positively curved FLRW
universe. The layout of the article is as follows: In section 2, we derive the
generalized Mukhanov-Sasaki equation associated to the positively curved
universe. Then, the slow-roll parameters and also Sasaki-Mukhanov variable
is generalized to the inflationary universe with positive curvature index.
Section 2 is concluded with the calculation of the comoving power spec-
3
trum. Section 3 is allotted the investigation of gravitational wave spectrum
in the positively curved universe and section 4 includes the calculation of
the tensor-scalar ratio in the FLRW universe with positive curvature index.
Conclusion is given in the final section.
2 Curvature power spectrum in the positively curved
FLRW universe
2.1 the Mukhanov-Sasaki equation associated with the pos-
itively curved inflationary universe
In order to find the curvature power spectrum in a spatially closed universe,
we should generalize the ordinary Mukhanov-Sasaki equation [7, 13, 39, 40]
to the case K = +1 (K is the curvature index in the FLRW metric). This
equation describes the evolution of the comoving curvature perturbation in
the inflationary epoch. For this purpose, we suppose the homogeneous in-
flation field Φ¯ (t) has been perturbed by a small fluctuations δΦ (t,x) during
the inflation era (hereafter bar over any quantity stands for its unperturbed
value). This fluctuations are accompanied by the (scalar) perturbation in
the FLRW metric (with K = +1 ). According to this perturbation, the line
element of the universe may be written as[13]
ds2 = − (1 + E) dt2 + 2a (∂iF ) dtdxi + a2 (1 + 2R) g˜ijdxidxj , (3)
g˜ij = δij +
xixj
1− x2 ,
which is the FLRW metric with K = +1 in the comoving quasi-Cartesian
coordinates xi plus the scalar linear perturbation in the comoving gauge.
Here E and R are respectively the lapse function and comoving curvature
perturbation. It can be shown that in the comoving gauge[13]
δρ = δp = −1
2
E ˙¯Φ2, (4)
δΦ = 0, (5)
where ρ and p are energy density and pressure of the perfect fluid associated
to the inflaton (dot stands for the derivation respect to the cosmic time t ).
On the other hand, according to the perturbative field equations as well as
the energy conservation law E , F and R dont evolve independently and we
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have[41]
4R
a2
+Ha∇2F − 6HR˙ − R¨+
(
3H2 + H˙
)
E +
1
2
HE˙ +∇2R = 0, (6)
2R˙ −HE + 2
a
F = 0, (7)
4HaF + 2aF˙ + E + 2R = 0, (8)
δ˙ρ− ˙¯Φ2
(
a∇2F − 3R˙+ 3HE
)
= 0, (9)
where equation (9) is the energy conservation law. Notice that ∇2 =
1
a2
g˜ij∇i∇j is the Laplace-Beltrami operator respect to the a2g˜ij. After some
tedious and lengthy calculation, we may combine these equations and ex-
tract an explicit equation in terms of R[
Ha2
(
n2 − 4) + 1
H
− H˙a
2
H
]
R¨n +
[
Ha2
χ˙
χ
(
n2 − 4)− H˙a2 (2n2 − 5)
+ 3H2a2
(
n2 − 4)+ 3
]
R˙n +
[
H
(
n2 − 4) (n2 − 5) + H˙
H
(
n2 − 3)
+
1
Ha2
(
n2 − 5)− χ˙
χ
(
n2 − 4)
]
Rn = 0, (10)
where χ = H˙ − 1
a2
and Rn is the Fourier component of R with comoving
canonical wave number n. Notice that n = (n, l,m) where n = 3, 4, ..., 0 ≤
l ≤ n − 1 and |m| ≤ l [41]. Here due to the compactness of spatial section
of spacetime, the comoving wave number is discrete. Furthermore, wave
numbers n = 1, 2 correspond to the pure gauge [42, 43], so we ignore them.
One can rewrite equation (10) in terms of conformal time τ[ (
n2 − 3)H+ 1H − H
′
H
]
R′′
n
+
[
2
(
n2 − 3)H2 − 2 (n2 − 3)H′ + (n2 − 4)Hχ′
χ
+ 2
]
R′
n
+
[ (
n2 − 3) (n2 − 5)H + (n2 − 3) H′H + (n2 − 5) 1H − (n2 − 4) χ
′
χ
]
Rn = 0,
(11)
where the prime symbol indicates derivation respect to the conformal time.
Moreover, H = Ha is the comoving Hubble parameter and χ = H2−H′+1 =
4πGφ¯′2 (indeed χ = − χ
a2
). Equation (11) is the generalized Mukhanov-
Sasaki equation for the inflationary universe with positive curvature index.
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2.2 Re-definition of the slow-roll parameters; generalized Sasaki-
Mukhanov variable
Now lets consider the slow-roll inflation which guarantees slowly variation
of inflaton by considering a ColemanWeinberg type potential. In general,
slow-roll inflation may be described by two flatness conditions[7, 13]
˙¯φ2 ≪ V (φ¯) , (12)
| ¨¯φ| ≪ H| ˙¯φ|. (13)
In spatially flat case relations (12) and (13) reduce to
ǫ := − H˙
H2
≪ 1, (14)
δ :=
H¨
2HH˙
≪ 1. (15)
Here ǫ and δ are respectively first and second slow-roll parameters which are
considered roughly constant. On the other hand, for the positively curved
inflationary universe, the flatness conditions may be written as the same as
equations (14) and (15) by re-definition of the slow-roll parameters
ǫ := − χ
H2 + 1
a2
=
H2 −H′ + 1
H2 + 1 ≪ 1, (16)
δ :=
1
2H
χ˙
χ
=
1
2H
χ′
χ
− 1≪ 1. (17)
One can re-write equation (16) as
(
1
H
)′
= − (1− ǫ)
(
1 +
1
H2
)
, (18)
which results in
H = − cot
[
(1− ǫ) τ − cot−1 n
]
. (19)
Here we assumed τ = τn = −
∫ tn
t
dη
a(η) where tn is the horizon exit time
for the inhomogeneity mode n (n = H (tn)). Furthermore, combination of
equations (17) and (19) results in
χ′
χ
= −2 (1 + δ) cotΘ, (20)
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where Θ = (1− ǫ) τ − cot−1 n. Now by substituting of equations (19) and
(20) in equation (11) we can deduce[ (
n2 − 4) + ǫ
cos2Θ
]
R′′
n
−
[
4
(
n2 − 4) cot 2Θ + 4ǫn2 − 3
sin 2Θ
+ 2δ
(
n2 − 4) cotΘ
]
R′
n
+
[ (
n2 − 4) (n2 − 5) + 2 (n2 − 4) tan2Θ− ǫn2 − 3
cos2Θ
− 2δ (n2 − 4)
]
Rn = 0.
(21)
Hereafter, we just investigate linear perturbations i.e. the terms such as
ǫ2, δ2, ǫδ, etc. shall be ignored. Now lets define the new variable Vn as
Vn = T Rn, T = C
exp
[
− ǫ2(n2−4) cos2 Θ
]
|sinΘ|1+2ǫ+δ |cosΘ|
. (22)
(Here C is a constant which is obtained soon) Thus, equation (21) may be
written in terms of Vn
V ′′
n
+
[ (
n2 − 5)−2 cot2Θ+ǫ (1 + cot2Θ)(21− cot2Θ
cot2Θ
+
1
n2 − 4
3− cot2Θ
cot4Θ
)
− δ (1 + 3 cot2Θ)
]
Vn = 0. (23)
Before solving equation (23), lets find constant C . For this purpose, we may
invoke the relation
ǫ′
ǫ
= 2H (ǫ+ δ) , (24)
which can be derived from the logarithmic derivation of equation (16). Pro-
vided that ǫ and δ are supposed to be constant, equation (24) yields
( a
R
)ǫ+δ
=
√
ǫ. (25)
Here R is a characteristic scale which is appeared as the integral constant
in equation (25).
On the other hand, equation (19) results in
a =
1
H
|sinΘ|−(ǫ+δ) , H =
√
8πG
3
ρ¯, (26)
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Consequently
|sinΘ|ǫ+δ = (RH)
−(ǫ+δ)
√
ǫ
. (27)
Meanwhile, using equations (19), (22) as well as (16) and (17) one can show
T ′
T
=
a′
a
− H
′
H +
φ¯′′
φ¯′
+
1
n2 − 4
(
1
H −
H′
H3 +
1
H3
)
, (28)
which results in
T =
aφ¯′
H exp
[
1
n2 − 4
(
1
2H2 +
∫ H2 + 1
H3 dτ
)]
. (29)
Now lets suppose n −→ +∞, thus equation (29) takes the form
lim
n→+∞
T =
C
|sinΘ|1+2ǫ+δ |cosΘ|
=
aφ¯′
H = Z . (30)
For the severe sub-Hubble modes, the curvature has a negligible imprint
and may be disregarded, so it coincides with K = 0 case. Besides, it can be
shown that
aφ¯′
H =
a
H
√
H2 −H′ + 1
4πG
= a
√(
1 +
1
H2
)
ǫ
4πG
=
1
H
|sinΘ|−1−ǫ |cosΘ|−1
√
ǫ
4πG
,
(31)
Therefore, combination of equations (31), (30) and (27) yields
C =
1√
4πG
1
H (RH)ǫ+δ
, (32)
So
Rn =
√
4πGH (RH)ǫ+δ |sinΘ|1+2ǫ+δ |cosΘ| exp
[
ǫ
2 (n2 − 4) cos2Θ
]
Vn.
(33)
Notice that Vn is the generalized Sasaki-Mukhanov variable for the inflation-
ary universe with positive curvature index.
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2.3 Curvature power spectrum
Now lets find the solutions of the equation (23). For this purpose, we assume
x = cosΘ, thus equation (23) reduces to
(
1− x2) d2Vn
dx2
− xdVn
dx
+[(
n2 − 3) (1 + 2ǫ) + 2δ − 2 + 6ǫ+ 3δ
1− x2 + 2ǫ
(
1− 2
n2 − 4
)
1
x2
+
3ǫ
n2 − 4
1
x4
]
Vn = 0.
(34)
It may be proposed the solution as
Vn = Vn + ǫVn, (35)
where
Vn = A
4
√
1− x2Pµν (x) + B 4
√
1− x2Qµν (x) , (36)


µ :=
3
2
+ 2ǫ+ δ,
ν := (1 + ǫ)
√
n2 − 3 + δ√
n2 − 3 −
1
2
.
(37)
Notice that Pµν and Q
µ
ν are associated Legendre functions. By inserting
ansatz (35) in equation (34) and neglecting higher order infinitesimal terms,
one obtains a second order nonhomogeneous equation in terms of Vn
(
1− x2) d2Vn
dx2
− xdVn
dx
+
[(
n2 − 3) (1 + 2ǫ) + 2δ − 2 + 6ǫ+ 3δ
1− x2
]
Vn =
− 1
n2 − 4
(
2
n2 − 6
x2
+
3
x4
)[
A
(
1− x2) 14 Pµν (x) + B (1− x2) 14 Qµν (x)] .
(38)
which has the special solution as
Vn =
1
n2 − 4
Γ (ν − µ+ 1)
Γ (ν + µ+ 1)
4
√
1− x2
{[
A Pµν (x)−BQµν (x)
] ∫ x
x0
(
1− y2)(2n2 − 6
y2
+
3
y4
)
×
Pµν (y)Q
µ
ν (y) dy −A Qµν (x)
∫ x
x0
(
1− y2)(2n2 − 6
y2
+
3
y4
)[
Pµν (y)
]2
dy
+ BPµν (x)
∫ x
x0
(
1− y2)(2n2 − 6
y2
+
3
y4
)[
Qµν (y)
]2
dy
}
. (39)
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Here, x0 is an arbitrary constant for which |x0| 6 1. Consequently, the
general solution of equation (23) reduces to
Vn (τ) =
√
|sinΘ|
[
A Pµν (cosΘ) + BQ
µ
ν (cosΘ)
]
+
ǫ
n2 − 4
Γ (ν − µ+ 1)
Γ (ν + µ+ 1)
√
|sinΘ|×{[
−A Pµν (cosΘ) + BQµν (cosΘ)
] ∫ Θ
Θ0
sin3Υ
(
2
n2 − 6
cos2Υ
+
3
cos4Υ
)
Pµν (cosΥ)×
Qµν (cosΥ) dΥ + AQ
µ
ν (cosΘ)
∫ Θ
Θ0
sin3Υ
(
2
n2 − 6
cos2Υ
+
3
cos4Υ
)[
Pµν (cosΥ)
]2
dΥ
−BPµν (cosΘ)
∫ Θ
Θ0
sin3Υ
(
2
n2 − 6
cos2Υ
+
3
cos4Υ
)[
Qµν (cosΥ)
]2
dΥ
}
. (40)
Hereafter, we put Θ0 = − cot−1 n ( it is completely compatible with the
conformal initial condition which is introduced below).
In order to determine the constants A and B we may use the conformal
(Bunch-Davies) initial condition which states[44, 45]
lim
n→+∞
Vn = 1√
2n
exp (−inτ) . (41)
Thus, according to the asymptotic formulas of Pµν and Q
µ
ν for large value of
ν i.e. [46]
Pµν (cos θ) ∼
Γ (µ+ ν + 1)
Γ
(
ν + 32
)
√
2
π sin θ
sin
[(
ν +
1
2
)
θ +
π
4
+
µπ
2
]
+O (ν−1) ,
(42)
Qµν (cos θ) ∼
Γ (µ+ ν + 1)
Γ
(
ν + 32
) √ π
2 sin θ
cos
[(
ν +
1
2
)
θ +
π
4
+
µπ
2
]
+O (ν−1) ,
(43)
and noting that lim
n→+∞
(n+α)!
n! ∼ nα, after alot of lengthy but straightforward
calculations, it can be shown

A =
i
√
π
2
n−
3
2
−2ǫ−δ,
B = − 1√
π
n−
3
2
−2ǫ−δ.
(44)
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Thus
Vn (τ) =
√
|sinΘ|n−µ
{
i
√
π
2
Pµν (cosΘ)−
1√
π
Qµν (cosΘ)−
ǫ
n2 − 4
Γ (ν − µ+ 1)
Γ (ν + µ+ 1)
×
[ i√π
2
Pµν (cosΘ) +
1√
π
Qµν (cosΘ)
] ∫ (1−ǫ)τ
0
sin3Υ
(
2
n2 − 6
cos2Υ
+
3
cos4Υ
)
Pµν (cosΥ)×
Qµν (cosΥ) dη +
i
√
π
2
ǫ
n2 − 4
Γ (ν − µ+ 1)
Γ (ν + µ+ 1)
Qµν (cosΘ)
∫ (1−ǫ)τ
0
sin3Υ
(
2
n2 − 6
cos2Υ
+
3
cos4Υ
)
×
[
Pµν (cosΥ)
]2
dη +
1√
π
ǫ
n2 − 4
Γ (ν − µ+ 1)
Γ (ν + µ+ 1)
Pµν (cosΘ)
∫ (1−ǫ)τ
0
sin3Υ
(
2
n2 − 6
cos2Υ
+
3
cos4Υ
)
×
[
Qµν (cosΥ)
]2
dη
}
. (45)
Furthermore, by ignoring the non-linear terms, Rn takes the form
Rn (τ) =
√
4πGH (RH)ǫ+δ
∣∣∣∣sin Ξn
∣∣∣∣
µ
|cos Ξ|
[ i√π
2
Pµν (cos Ξ)−
1√
π
Qµν (cos Ξ)
]
+ ǫ
√
4πGH (RH)ǫ+δ
∣∣∣∣sin Ξn
∣∣∣∣
µ
|cos Ξ|
{
− i
√
π
2
τ
dP
µ
ν (cos Ξ)
dτ
+
1√
π
τ
dQ
µ
ν (cos Ξ)
dτ
−
[
2τ cot 2Ξ +
1
2
τ cot Ξ− 1
2 (n2 − 4) cos2 Ξ
][ i√π
2
Pµν (cos Ξ)−
1√
π
Qµν (cos Ξ)
]
− 1
n2 − 4
Γ (ν − µ+ 1)
Γ (ν + µ+ 1)
[ i√π
2
Pµν (cos Ξ) +
1√
π
Qµν (cos Ξ)
]
×
∫ τ
0
sin3Υ
(
2
n2 − 6
cos2Υ
+
3
cos4Υ
)
Pµν (cosΥ)Q
µ
ν (cosΥ) dη
+
i
√
π
2
1
n2 − 4
Γ (ν − µ+ 1)
Γ (ν + µ+ 1)
Qµν (cos Ξ)
∫ τ
0
sin3Υ
(
2
n2 − 6
cos2Υ
+
3
cos4Υ
)[
Pµν (cosΥ)
]2
dη
+
1√
π
1
n2 − 4
Γ (ν − µ+ 1)
Γ (ν + µ+ 1)
Pµν (cos Ξ)
∫ τ
0
sin3Υ
(
2
n2 − 6
cos2Υ
+
3
cos4Υ
)[
Qµν (cosΥ)
]2
dη
}
,
(46)
where Ξ = τ − cot−1 n and Υ = η − cot−1 n.
It is important to evaluate the comoving curvature perturbation at the hori-
zon exit time τ = 0 i.e. when the quantum fluctuations of inflaton came to
be classical perturbations. Besides, by inserting τ = 0 in equation (46) the
arguments of Pµν and Q
µ
ν become cos
(
cot−1 n
)
= n√
n2+1
which for n ≥ 3 ,
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0.94 ≤ n√
n2+1
< 1, so it may be plausible to use asymptotic formulas of the
associated Legendre functions near one i.e. [47]
θ −→ 0 : Pµν (cos θ) ∼
1
π
Γ (µ) sinµπ
(
2
1− cos θ
)µ
2
, (47)
θ −→ 0 : Qµν (cos θ) ∼
1
2
Γ (µ) cosµπ
(
2
1− cos θ
)µ
2
. (48)
So by doing some straightforward calculation, it can be shown
Ro
n
= −
√
GH (RH)ǫ+δ Γ (µ) exp (−iµπ) n
1−µ
√
n2 + 1
(
2 +
2n√
n2 + 1
)µ
2
×
(
1 +
n2 + 1
2n2 (n2 − 4)ǫ
)
. (49)
Lets approximate n√
n2+1
∼ 1, thus equation (49) takes the form
Ro
n
≃ −
√
GH (RH)ǫ+δ 2
3
2
+2ǫ+δΓ (µ) exp (−iµπ)n−µ
(
1 +
ǫ
2 (n2 − 4)
)
.
(50)
Consequently, the curvature power spectrum in the maximally extended
inflationary universe with single field reduces to
PoR (n) ∝ n−3−4ǫ−2δ
(
1 +
ǫ
n2 − 4
)
. (51)
Except the additional factor 1+ ǫ
n2−4 , spectrum (51) is similar to the nearly
flat spectrum which can be deduced from the slow-rolling inflationary sce-
nario with spatially flat background[13]. By definition of the curvature spec-
tral index as
PoR (n) ∝ nNs(n)−4, (52)
one can show that
Ns (n) = 1− 4ǫ− 2δ + 2ǫ
(n2 − 4) lnn. (53)
Because n ≥ 3 so
1− 4ǫ− 2δ < Ns (n) . 1− 3.64ǫ− 2δ. (54)
It means the curvature spectral index in the maximally extended universe
shall be a bit larger than the K = 0 corresponding model (For the K = 0
12
case, Ns (n) = 1− 4ǫ− 2δ). Moreover, Ns directly depends on the comoving
wave number (n) and so the spectrum is running. In other words, running
parameter of Ns doesnt vanish
Nr (n) = n
∂Ns
∂n
= −2ǫ
(
n2 − 4)+ 2n2 lnn
(n2 − 4)2 ln2 n < 0. (55)
It is remarkable that the sign of Nr coincides with experimental data. More-
over, running parameter in the maximally extended background inflationary
model is proportional to ǫ i.e. Nr is of the first order slow-roll parameters
accordant with the reports [11], in spite of the spatially flat case in which
against the Planck reports is roughly zero.
3 Primordial gravitational waves power spectrum
in the positively curved universe
The primordial gravitational waves during inflationary epoch can be treated
in the same way as the comoving curvature perturbation considered in pre-
vious section. In fact, quantum fluctuations of the inflaton may result in
tensorial perturbations described by a symmetric traceless divergenceless
tensor field Dij (t,x) which perturbs the FLRW metric as[13]
ds2 = −dt2 + a2 (g˜ij +Dij) dxidxj. (56)
Propagation of Dij in the positively curved FLRW universe is described
by[41]
a2∇2Dij − 3aa˙D˙ij − a2D¨ij − 2Dij = −16πGa2ΠTij . (57)
Here ΠTij (t,x) is the anisotropic inertia tensor which vanishes for the scalar
fields, so
a2∇2Dij − 3aa˙D˙ij − a2D¨ij − 2Dij = 0. (58)
One may expand Dij in terms of the t-t tensor spherical harmonics on S
3 (a)
[41]
Dij (t,x) =
∑
nlm
[
DOnlm (t)
(
TOij
)
nlm
+DEnlm (t)
(
TEij
)
nlm
]
, (59)
where DO
n
and DE
n
correspond to two different polarizations of the grav-
itational waves. Notice that
{(
T
O
ij
)
nlm
,
(
TEij
)
nlm
}
constitutes a complete
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orthonormal basis for the expansion of any symmetric traceless divergence-
free covariant tensor field of rank 2 on S3 (a). Furthermore [41],
∇2(TOij )nlm = 3− n2a2 (TOij )nlm, n = 3, 4, ... (60)
∇2(TEij)nlm = 3− n2a2 (TEij)nlm. n = 3, 4, ... (61)
Thus equation (59) reduces to two independent equations

D¨O
n
(t) + 3HD˙O
n
(t) +
n2 − 1
a2
DO
n
(t) = 0,
D¨E
n
(t) + 3HD˙E
n
(t) +
n2 − 1
a2
DE
n
(t) = 0.
(62)
Hereafter we omit the superscripts O and E because both of DO
n
and DE
n
satisfy the same equation
D¨n (t) + 3HD˙n (t) + n
2 − 1
a2
Dn (t) = 0. (63)
Dn (t) is amplitude of the gravitational wave Dij (t,x) as well as a tensor
random field on S3 (a). By converting the cosmic time to the conformal time
equation (63) takes the form
D′′
n
(τ) + 2HD′
n
(τ) +
(
n2 − 1)Dn (τ) = 0. (64)
During the slow-rolling inflationary epoch we can write
D′′
n
(τ)− 2 cot ΘD′
n
(τ) +
(
n2 − 1)Dn (τ) = 0. (65)
By assumption x = cosΘ equation (65) can be written as
(
1− x2) d2Dn
dx2
+ (1 + 2ǫ) x
dDn
dx
+ (1 + 2ǫ)
(
n2 − 1)Dn (x) = 0, (66)
which has the general solution as
Dn (x) =
(
1− x2) 2ǫ+34 [PP ǫ+ 32
n(1+ǫ)− 1
2
(x) + QQ
ǫ+ 3
2
n(1+ǫ)− 1
2
(x)
]
. (67)
Here P and Q are two arbitrary constants. So the solution of equation (65)
is
Dn (τ) = |sinΘ|ι
[
PP ικ (cosΘ) + QQ
ι
κ (cosΘ)
]
, (68)
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where 

ι := ǫ+
3
2
,
κ := n (1 + ǫ)− 1
2
.
(69)
Besides, the initial condition must be satisfied by Dn is very similar to the
Bunch-Davies initial condition exerted to the Sasaki-Mukhanov variable[13]
lim
n→+∞
Dn =
√
16πG
a (t)
1√
2n
exp (−inτ) , (70)
which is applicable for both polarization modes distinctly. By considering
the asymptotic formulas (42) and (43) and equation (26) as well, one can
obtain {
P = 2πiH
√
Gn−ι,
Q = −4H
√
Gn−ι.
(71)
Thus
Dn (τ) = 2
√
GH
∣∣∣∣sinΘn
∣∣∣∣
ι [
πiP ικ (cosΘ)− 2Qικ (cosΘ)
]
. (72)
Do
n
may be determined by considering Dn at the time of horizon crossing
(τ = 0)
Do
n
= −2
√
GHΓ (ι) exp (−iιπ)n−ι
(
2 +
2n√
n2 + 1
) ι
2
. (73)
Here again we use the asymptotic relations (47) and (48). By approximation
n√
n2+1
∼ 1, equation (73) acquires a simpler form which results in
PoD (n) ∝ n−3−2ǫ, (74)
So by definition of the tensor spectral index as
PoD ∝ nNT−3, (75)
one can obtain
NT = −2ǫ, (76)
which is perfectly analogous to tensor spectral index derived in the classical
slow-rolling inflationary theory [13].
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4 Tensor-scalar ratio in the positively curved uni-
verse
Tensor-scalar ratio in the positively curved FLRW universe may be defined
as [13]
rn := 4
PoD (n)
PoR (n)
= 4
∣∣∣∣DonRo
n
∣∣∣∣
2
. (77)
Here the factor 4 refers to two different polarization modes of the gravitations
waves. Significance of rn come from its measurability, indeed tensor-scalar
ratio can provide an assay for the inflationary scenarios and some inflation
theories may be crossed out due to the contradiction with observational value
of rn. According to the standard slow-rolling inflationary theory rq = 16ǫ (q
stands for the comoving wave number of perturbations in the spatially flat
universe) [13], so if one suppose ǫ = 0.008 [11] then r = 0.128 which is less
than BICEP2 released data (r = 0.20+0.07−0.05) [22] and now a question dawns
on the mind: Is it possible to eliminate this flaw by considering curvature
factor? In order to answer, lets calculate rn using equation (49) and (73)
which results in
rn = 16 (RH)
−2(ǫ+δ)
[
Γ
(
ǫ+ 32
)
Γ
(
2ǫ+ δ + 32
)
]2
n2(ǫ+δ)
(
2 +
2n√
n2 + 1
)−(ǫ+δ)
×
(
1 +
1
n2
)(
1− n
2 + 1
n2 (n2 − 4)ǫ
)
. (78)
Besides, one can write
n2(ǫ+δ) =
(H2|τ=0)ǫ+δ = (cot2Θ|τ=0)ǫ+δ = (cos2Θ|τ=0)ǫ+δ (sin2Θ|τ=0)−(ǫ+δ)
=
(
1 +
1
n2
)−(ǫ+δ)
(RH)2(ǫ+δ) ǫ. (79)
On the other hand, it isnt hard to show that
Γ
(
2ǫ+ δ + 32
)
Γ
(
ǫ+ 32
) = 1+(2− γ − ln 2) (ǫ+ δ) ≃ exp [(2− γ − ln 2) (ǫ+ δ)] ≃ (2.074)ǫ+δ ,
(80)
where γ ≃ 0.577 is the Euler-Mascheroni constant. In order to derive equa-
tion (80) one can use the following relation[36]
Γ (x+ ǫ+ 1)
Γ (x+ 1)
= 1 + ǫ
[
−γ +
∞∑
n=1
(
1
n
− 1
x+ n
)]
. (81)
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By inserting equations (79) and (80) in equation (78) we can obtain
rn = 16ǫ e
(−4+2γ+2 ln 2)(ǫ+δ)
(
1 +
1
n2
)1−(ǫ+δ)(
2 +
2n√
n2 + 1
)−(ǫ+δ)
×
(
1− n
2 + 1
n2 (n2 − 4)ǫ
)
. (82)
For n≫ 1 equation (82) reduces to
rn≫1 ≃ 16ǫ e(−4+2γ)(ǫ+δ) ≃ 16ǫ (0.58)ǫ+δ . (83)
By considering n∗ = 3 as the pivot comoving wave number and ǫ = 0.008
,one can show r∗ > 16ǫ provided that δ . 0.03 (which is laid in the permitted
Planck data1 [11]) , so it may reduce discrepancy between BICEP2 results
and slow-rolling inflationary theory to some extent, but it isn’t statistically
significant to eliminate the flaw completely.
5 Conclusion and summary
In this article we investigated an inflationary model with positive curvature
index and calculated the scalar and tensor perturbations power spectra as-
sociated to it. For the severe super-Hubble scales (i.e. n≫ 1) it seems both
spectra are completely similar to the spatially flat corresponding case. It
is shown that this model yields a natural resolving of the running number
problem. We also calculated the tensor-scalar ratio and showed it depends
on the wave number of the perturbative modes directly. Furthermore, we
showed that it doesnt seems to mitigate the discrepancy between BICEP2
released results and anticipation of the slow-rolling inflationary model by
entering the curvature factor.
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